In this paper, we generalize the concept of exceptional family of elements for a completely continuous field from Hilbert spaces to Banach spaces and we study the solvability of the variational inequalities with respect to a mapping f that is from a closed convex cone of a Banach space B to the dual space B * by applying the generalized projection operator π K and by using the LeraySchauder type alternative.  2005 Elsevier Inc. All rights reserved.
Introduction
Let B be a uniformly convex Banach space with dual space B * . It is well known that B * is uniformly smooth. As usually, ϕ, x denotes the duality pairing of B * and B, where ϕ ∈ B * and x ∈ B (if B is a Hilbert space, ϕ, x denotes an inner product in it). We recall the definition of variational inequality. Let K be a nonempty closed convex subset of B and f : K → B * a mapping. The variational inequality defined by the mapping f and the set K is:
VI(f, K): find x * ∈ K such that f (x * ), y − x * 0 for every y ∈ K.
In case B is a Hilbert space, this problem has been studied by many authors (see [8] [9] [10] [11] [12] [13] [14] [15] [16] [18] [19] [20] [21] ). In [17] Isac and Li studied the variational inequality (1) for the case that B is a uniformly convex and uniformly smooth Banach space. In the special case that K is a closed convex cone, one of the methods of studying the solvability of the variational inequality (1) is to test if the mapping f has an exceptional family of elements with respect to the convex cone K. The proof of the existence of an exceptional family of elements with respect to the convex cone K for f is based on the Leray-Schauder Alternative (see [13] [14] [15] [16] [17] ). In [13] [14] [15] [16] [17] , the results about the solvability of the variational inequality (1) or the existence of an exceptional family of elements with respect to the convex cone K for f require that the mapping f must be from B to B * (or from H to H if the space is a Hilbert space) instead of from K to B * . The reason that the mapping f is required to have such stronger condition is that when we apply the Leray-Schauder Alternative, the condition that 0 belongs to the interior of the domain of the mapping f must be satisfied. In this paper, we study the solvability of the variational inequality (1) for the mapping f from K to B * which is weaker than the condition that f is from B to B * .
Preliminary
A nonempty subset K of B is called a closed point convex cone if K is closed and the following properties are satisfied:
The dual cone of a closed point convex cone K is denoted by K * . It is a subset of B * and is defined as follows:
The normalized duality mapping J : B → 2 B * is defined by
where without confusion, one understands that j (x) is the B * -norm and x is the Bnorm. It is well known that J is a single valued mapping if B * is strictly convex. In this paper, since we assumed that B is uniformly convex and uniformly smooth, then we understand that the normalized duality mapping J : B → B * is a single valued mapping. We say that a mapping f : K → B * is a completely continuous field if f has a representation of the form f (x) = J (x) − T (x), for all x ∈ K, where T : K → B * is a completely continuous mapping, that is, T is continuous and for any bounded set C ⊂ B, T (C) is relatively compact.
If D is a nonempty convex subset of B and x ∈ cl D, then, by definition, the generalized normal cone of D at the point x is
One can see that ℵ D , the generalized normal cone of D at the point x in Banach spaces, is a generalization of the normal cone N D of D at the point x in Hilbert spaces (see [10] [11] [12] [13] [14] ). We say that a family of elements {x r } r>0 ⊂ K is an exceptional family of elements for a completely continuous field f (x) = J (x) − T (x) with respect to a convex cone K, if and only if, for every real number r > 0 there exist a real number µ r > 1 and x r ∈ K such that (e 1 ) x r → +∞ as r → +∞; (e 2 ) T (x r ) − J (µ r x r ) ∈ ℵ K (µ r x r ).
The following definitions are given in [1] . These notions have been developed in [2] [3] [4] [5] [6] [7] and have been applied to solve variational inequalities and J. Von Neumann intersection problem in Banach spaces. Let K be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space B with dual space B * . A functional V : B * × B → R is defined by the formula:
where ϕ ∈ B * and x ⊂ B.
It is easy to see that
The operator π K : B * → K is called the generalized projection operator if it associates to an arbitrary fixed point ϕ ∈ B * the minimum point of functional V (ϕ, x), i.e., a solution to the minimization problem
The operator Π K : B → K is called the generalized metric projection operator if it puts the arbitrary fixed point x ∈ B into the correspondence with the point of the minimum the functional V 2 (x, y) according to the minimization problem
Many properties of the operators J, V , π K , and Π K are given in [1] , and we list some of them below that are useful for our paper: (i) J is an uniformly continuous operator on each bounded set in uniformly smooth Banach spaces; (ii) the operator π K is J fixed in each point x ∈ K, i.e., π K J x = x; (iii) if the Banach space B is uniformly convex, then for all ϕ 1 , ϕ 2 ∈ B * , we have
(iv) if the Banach space B is uniformly convex, then for all x, y ∈ B, we have
In (iii) and (iv), g
B is the inverse function to g E that is defined by the modulus of convexity for a uniformly convex Banach space.
The following theorem shows that once the generalized projection operator π K : B * → K is introduced, to solve the variational inequality (1) is equivalent to finding a fixed point of a special operator from K to K. 
The following proposition is useful for the proof of the main theorem in our paper.
Proposition 2.1.φ = π K ϕ, if and only if ϕ ∈ J (φ) + ℵ K (φ).
Proof. Property 6.c in [1] implies thatφ = π K ϕ, if and only if, for all
We recall the Leray-Schauder type alternative as follows for easy reference.
Theorem B (Leray-Schauder type alternative). Let X be a closed subset of a locally convex space E such that 0 ∈ int(X) and f : X → E a compact u. 
The Main Theorem
has a fixed point. It is clear that any fixed point of the mapping Φ K is in K.
Assume that the mapping Φ K has no fixed point. Define a mapping Φ from B to K as follows:
We see that the fixed points of the mapping Φ, if it has one, must be in K.
are the sets of the fixed points of Φ K and Φ, respectively. Since the fixed point of the mapping Φ K must be in K, then the hypothesis that the mapping Φ K has no fixed point in K implies that the mapping Φ has no fixed point.
The property (i) of J shows that J is a uniformly continuous operator on each bounded set in uniformly smooth Banach spaces. Properties (iii) and (iv) of the generalized projection operators π K and Π K imply that they are uniformly continuous on bounded subset because B is a uniformly convex and uniformly smooth Banach space. Since T is completely continuous, it yields that the operator Φ is compact and u.s.c.
For any r > 0, we define the closed convex set
It is clear that the set D r has a nonempty interior as 0 ∈ int(D r ). The property that the mapping Φ has no fixed point in K implies that the mapping Φ has no fixed point in D r , for any r > 0. As Φ is restricted to D r , applying Theorem B (Leray-Schauder type alternative), we have that there exist x r ∈ ∂D r and λ r ∈ (0, 1) such The above properties imply that {x r } is an exceptional family of elements of f with respect to K. Thus this theorem is proved. 2
Corollary 3.2. Let H be a Hilbert space, K ⊆ H an arbitrary closed convex cone and f : K → H a completely continuous field with the representation f (x) = x − T (x), for all x ∈ K, where T : K → H is a completely continuous mapping (linear or nonlinear). Then the problem VI(f, K) has at least one of the following properties:
(v 2 ) the completely continuous field f has an exceptional family of elements with respect to K.
Applications
In this section, we apply the Main Theorem of Section 3 to study the solvability of the problem VI(f, K) by using the techniques of testing the existence of an exceptional family of elements of the mapping f with respect to K, that is analogously generalized to uniformly convex and uniformly smooth Banach spaces from Hilbert spaces that has been studied by Isac and others.
In [10] [11] [12] [13] [14] , Isac defined the condition (θ ) for mappings in Hilbert spaces and he applied this condition to test the existence of an exceptional family of elements of a mapping. The following definition generalizes the condition (θ ) of a mapping from Hilbert space to Banach spaces. Then we apply the generalized condition (θ ) concept to study the solvability of the problem VI(f, K) in Banach spaces. 
It is because that f : K → B * is a mapping satisfying the condition (Θ) with respect to the closed convex cone K, then for any r > ρ, there exists y r ∈ K such that y r < x r and f (x r ), x r − y r 0. Applying the inequality (4) Proof. Let x * be a solution of the problem VI(g, K). Then for all y ∈ K, we have g(x * ), y − x * 0. Since f is asymptotically g-pseudomonotone with respect to a closed convex cone K, there exists a real number ρ > 0 such that for all x, y ∈ K with max{ y , ρ} < x , we have that g(y), x − y 0 implies f (x), x − y 0. Let x * ∈ K and let ρ = max{ x * + 1, ρ + 1}. Then for any x ∈ K satisfying x > ρ , we have x * < x and ρ < x . Thus g(x * ), x − x * 0 implies f (x), x − x * 0. So f satisfies the condition (Θ) with respect to the closed convex cone K ⊆ B and the real number ρ > 0. From Theorem 4.2, we have that f is without exceptional family of elements with respect to K. This theorem is proved. 2 
